Let (A, B) be a nonempty bounded closed convex proximal parallel pair in a nearly uniformly convex Banach space and T : A ∪ B → A ∪ B be a continuous and asymptotically relatively nonexpansive map. We prove that there exists
Introduction
Let A and B be nonempty weakly compact convex subsets of a Banach space X.
Suppose T is a relatively nonexpansive self-map on A ∪ B. Assume that T maps A into B and B into A. Then it was proved, under suitable assumptions, that there exists a point x in A such that the distance between x and T x is equal to the distance between A and B; see Theorem 2.1 in [2] . Also, it was shown, under suitable assumptions, that there exist x in A and y in B such that x and y are fixed points of T and the distance between x and y is equal to the distance between A and B whenever T maps A into A and B into itself; see Theorem 2.2 in [2] . For recent advancements in the theory of best proximity points, one may refer to [5, 6, 10, 11] and the references therein.
If A is equal to B, then we obtain the well known Browder-Göhde-Kirk fixed point theorem, as a special case of the above mentioned results. A good account of metric fixed point theory can be found in [1, 8, 9] .
Note that the notion of asymptotically nonexpansive maps, which is an interesting generalization of nonexpansive maps, was introduced in [7] . Also, it was proved in [7] that if K is a nonemtpy bounded closed convex subset of a uniformly convex Banach space and T is an asymptotically nonexpansive self map on K, then there exists x in K such that x is a fixed point of T . This result was further extended to nearly uniformly convex (NUC) Banach spaces by Xu [14] .
In this paper, by observing the notions of relatively nonexpansive maps and asymptotically nonexpansive maps, we define a concept called asymptotically relatively nonexpansive maps and study, under suitable assumptions, the existence of best proximity points of such maps. Also, we introduce the notion of proximal parallel pairs having rectangle property and establish the existence of a best proximity point for an asymptotically relatively nonexpansive map on a proximal parallel pair having rectangle property in a nearly uniformly convex Banach space. We also prove, under suitable assumptions, a fixed point theorem for an asymptotically relatively nonexpansive map defined on a proximal pair.
Preliminaries
In this section, we introduce the notions of asymptotically relatively nonexpansive maps and proximal parallel pairs having rectangle property. Also, we give definitions and results related to this work. 
imply that Proof Suppose for every nonempty bounded closed convex proximal pair (A, B) in a Banach space X there exists a unique h ∈ X such that B = A + h. Now, it is claimed that X is a strictly convex Banach space.
Suppose X is not a strictly convex Banach space. Then there exist distict points x and y in X such that x = 1 = y and 
for all x, y ∈ K. 
Definition 2.7 Let (A, B) be a nonempty proximal parallel pair in a Banach space.
Lemma 2.1 [3] Let
A be a nonempty closed convex subset and B be a nonempty closed subset of a uniformly convex Banach space. Let {x n } and {z n } be sequences in A and {y n } be a sequence in B satisfying:
1. x n − y n converges to dist(A, B) and
z n − y n converges to dist(A, B).
Then x n − z n converges to zero.
Definition 2.8 [13] A pair (A, B) of nonempty subsets in a Banach space is said to satisfy the property UC if and only if the following holds:
If {x n } and {z n } are sequences in A and {y n } is a sequence in B such that
We introduce the following notion.
Definition 2.9 Let (A, B) be a nonempty convex proximal parallel pair in a Banach space X. The pair (A, B) is said to have the rectangle property if and only if
where h ∈ X such that B = A + h.
It is apparent that the proximal pair (A, A) has the rectangle property.
Remark 2.2 Let (A, B) be a nonempty proximal parallel pair in a Banach space X.
It was proved in [12] that if X is a real Hilbert space, then, for every x, y ∈ A or B,
x − y is orthogonal to h.
Proof Let x ∈ X. It is known from [9] that if K is a nonempty closed convex subset of X, then
where P K (x) is the best approximant of x from K. Now, let x ∈ A. Then P B (x) = x + h and hence it follows from eqn. (1) that
Similarly, let x + h ∈ B. Then P A (x + h) = x. Thus from eqn.(1)
for every y ∈ A. Equations (2) and (3) imply that y − x, h = 0, for x, y ∈ A.
Example 2.1 Let (A, B) be a nonempty proximal parallel pair in a real Hilbert space.
Then (A, B) has the rectangle property.
Proof It follows from Remark 2.2 that x − y is orthogonal to h, for every x, y ∈ A.
Thus (A, B) has the rectangle property.
Next, we give an example of a proximal pair having the rectangle property and the property UC in a NUC space. Consider, for n ∈ N, a n = (a n (i)) i∈N ∈ D 1 , where a
Example 2.2 Consider the Day space
, where x(n) is a non-negative real number and x(1) = 0. Similarly, if y ∈ B, then y = (y(n)e n 1 ), where y(n) is a non-negative real number and y(1) = 1. Now, for x, y ∈ A,
Let x, y ∈ A. Then x + a 1 and y + a 1 are in B and
It follows from equation (4) We use the notation u n (.) as in Definition 2.7. Proof It is easy to see that lim
Suppose u n i (x) converges weakly to y for some y ∈ X. Then the weak convergence of u n i (x + h) to y + h follows from lim u n (x) + h − u n (x + h) = 0. . r x (a + h) = r x+h (a) and hence inf y+h∈B r x (y + h) = inf z∈A r x+h (z) and 3. r x (u n (a + h)) ≤ k n r x (a + h), for every n ∈ N.
Proof 1) It is easy to see that the functions r x (.) and r y+h (.) are continuous and convex.
2) Let x, a ∈ A. Now, the rectangle property of (A, B) implies that
Since the pair (A, B) has the property UC, lim sup n u n (x + h) − (h + u n (x)) = 0.
Hence r x (a + h) ≤ r x+h (a). The other inequality, r x+h (a) ≤ r x (a + h), follows exactly the same way. Thus inf y+h∈B r x (y + h) = inf z∈A r x+h (z).
3) Let n be an odd integer. Now, for m ≥ n and m is an odd integer
In case that m is an even integer,
Since r x+h (a) = r x (a + h), r x (u n (a + h)) ≤ k n r x (a + h), for every n = 2k − 1, k ∈ N.
The other case, n is an even integer, can be proved similarly.
Lemma 3.1 Let (A, B) be a nonempty bounded closed convex proximal parallel pair in a nearly uniformly convex (NUC) Banach space X and T : A ∪ B → A ∪ B be an asymptotically relatively nonexpansive map satisfying T (A) ⊆ B and T (B) ⊆ A.
Further, assume that (A, B) has the rectangle property and the property UC. Suppose
is a subset of (A, B) which is minimal with respect to being nonempty, closed, and convex proximal pair satisfying:
where ω w (x) is the set of all limit points of the sequence {u n (x)} w. r. to the weak topology on X. Then r x (y + h) = r y+h (x), for every (x, y + h) ∈ K 1 × K 2 , where r x (.) and r y+h (.) are as in Proposition 3.2.
In this case, the constant r x (y + h) = r y+h (x) is denoted by r.
Proof It is easy to see from Propostion 3.2 that the functions r x (.), and r y+h (.)
are lower semi continuous w. r. to the weak topology on X. Since (K 1 , K 2 ) is a weakly compact convex pair, there exists (x 0 , y 0 + h) such that r x := r x (y 0 + h) and r y+h := r y+h (x 0 ), where r x = inf y+h∈K 2 r x (y + h) and r y+h = inf x∈K 1 r y+h (x).
Define F 1 := {y ∈ K 1 : r x+h (y) ≤ r x+h } and F 2 := {z ∈ K 2 : r x (z) ≤ r x } for some x ∈ K 1 . As the functions r x (.) and r y+h (.) are lower semicontinuous, the pair (
is nonempty. Also, it follows from Proposition 3.2 that (F 1 , F 2 ) is a proximal pair. Now, it is claimed that y ∈ F 1 implies that ω w (y) ⊆ F 1 . Let z ∈ ω w (y). Then
≤ lim sup n k n (r x+h (y)) = r x+h (y) = r x+h .
Since (K 1 , K 2 ) is a minimal pair, r x (y + h) = r x = r x+h (y), for every y ∈ K 1 .
Let z + h ∈ ω w (y + h). Then
The other inequality, r y+h ≤ r x , can be proved in a similar manner.
Hence r x (y + h) = r y+h (x), for every ( 
is a subset of (A, B) which is minimal with respect to being nonempty, closed, and convex proximal pair satisfying: Then there exists x ∈ K 1 such that x − T x = dist(A, B).
Proof It is to be noted that the property UC of (A, B) and Proposition 3.1 imply that ω w (x + h) = ω w (x) + h and ω(x + h) = ω(x) + h, for every x ∈ A.
If K 1 = {x 0 }, then u n (x 0 ) converges to x 0 and hence the continuity of T implies F 2 ). Let F be the set of all nonempty and closed proximal pair subsets (H 1 , H 2 ) of (F 1 , F 2 ) which satisfies:
Define a relation on F by (
It is easy to see that every nonempty totally ordered subset T of F has a lower bound. Hence by Zorn's lemma, we obtain a minimal proximal pair (H 1 , H 2 ) which
Now, it is easy to see that H 1 is a singleton set. For, since (H 1 , H 2 ) is a compact proximal parallel pair, (coH 1 , coH 2 ) is a compact convex proximal parallel pair and hence there exists (x, y + h) ∈ (coH 1 , coH 2 ) such that
for some subsequence {n i }. Proof In view of Lemma 3.2, it is enough to prove that (A, B) has a minimal proximal parallel pair (K 1 , K 2 ) which satisfies:
where ω w (x) is the set of all limit points of the sequence {u n (x)} w. r. to the weak topology on X, 2. for each x ∈ K 1 , every subsequence of {u n (x)} admits a convergent subsequence w. r. to the norm topology and 3. for each x ∈ K 1 , ω(x) is a norm compact set.
Let F be the set of all nonemtpy closed convex proximal parallel pair subset (
of (A, B) satisfying:
It is easy to see that every nonempty totally ordered subset of F has a lower bound.
Hence by Zorn's Lemma F has a minimal closed convex proximal parallel pair (
It is claimed that K 1 = {x} for some x ∈ A.
If r = d, where r = r x (y + h) = r y+h (z) (r x (.) and r y+h (.) are as in Proposition 3.1), for x, y and z in K 1 and d := dist(A, B), then, for every x ∈ K 1 , u n (x) converges to y for every y ∈ K 1 . Hence K 1 = {x} for some x ∈ A and the continuity of T implies that T x = x + h. Now, suppose that r > d and, for some x ∈ K 1 , there exists a sequence {m i } such that u m i (x) does not have any norm convergent subsequence. As {u m i (x)} is not compact, there exists ǫ > 0 and a sequence
for every i = j.
Let y i = u m l i (x). Since K 1 is weakly compact, {y i } has a weakly convergent subsequence. We assume that y i converges weakly to y 0 for some y 0 ∈ K 1 .
Since X is a NUC space, there exists δ ∈ ]0, 1[ corresponding to ǫ 2r such that
Since r x (x + h) = r and lim k n = 1, there exists N ∈ N such that
and (k n − 1)(r +
, for all n ≥ N.
Let n ≥ N be fixed. Now, for every i ≥ n + N,
, for every i ≥ n + N. Then z i ∈ B[0, 1], z i converges weakly to
, for every fixed n ≥ N and sep{z i } ≥ ǫ r+ǫ 1 .
This contradiction shows that every subsequence of {u n (x)} admits a norm convergent subsequence, for every x ∈ K 1 . Now, it is claimed that, for every x ∈ K 1 , ω(x) is a norm compact set.
Suppose that ω(x) is not a norm compact set for some x ∈ K 1 . Then there exists a sequence {y n } in ω(x) such that sep{y n } ≥ ǫ for some ǫ > 0.
Note that n k can be chosen such that n k < n k+1 for every k ∈ N. Define z k = u n k (x).
Then from triangle inequality it follows that sep{z k } ≥ . Thus {z k } does not admit any norm convergent subsequence, a contradiction to every subsequence of {u n (x)} admits a norm convergent subsequence.
The following example illustrates Theorem 3.1. > 0. Then Σ ∞ n=1 b n converges to log e 2. Now, let c n+1 = (1/e bn ), for n ∈ N. Then 0 < c n < 1 and
Let a n = (a n (i)) i∈N ∈ D 1 , where a It is known that every uniformly convex Banach space is a nearly uniformly convex (NUC) space. Hence we obtain the following result. T has a fixed point in A.
